This paper presents closed form solution for unsteady flow equation corresponding to the transient hydraulic head, flow rate and volumetric exchange of a confined aquifer which is in contact with a constant piezometric head at one end and a stream whose water level is rising at a constant rate at the other end. The aquifer is also subjected to receive constant inflow due to rain infiltration. The unsteady groundwater flow equation is solved using Laplace transform to get analytical expressions for the transient hydraulic head and flow rate at the left and right interfaces and the net volumetric exchange of water at the aquifer-stream interface. The analytical results presented here show the effect of recharge due to rain infiltration on the net volumetric exchange and reveal the conditions for which net inflow in the aquifer could be positive, negative or zero. The results obtained have the capability to determine transient hydraulic head for two extreme scenarios: (i) very slow rise and (ii) very fast rise in the stream water. Analytical result show that the net volumetric exchange could be positive, zero or negative depending on the surface infiltration and stream water rise rate. Príspevok obsahuje analytické riešenie rovnice neustáleného prúdenia vzhľadom na neustálenú hydraulickú výšku, rýchlosť prúdenia a objemové toky vo zvodnenom kolektore s napätou hladinou, ktorý je v kontakte s konštantnou piezometrickou výškou na jednej strane a s tokom s konštantne sa zvyšujúcou hladinou vody na strane druhej.
Introduction
The study of water table rise in aquifers due to surface infiltration and canal recharge has received considerable importance from hydrogeologists and environmental engineers. Water table rise due to seepage from canals, with or without vertical infiltration is investigated by a number of researchers. The change in water table under the steady state condition has been studied by Maasland (1959) , while the unsteady cases have been examined by Hantush (1967) , Marino (1974) , Gill (1984) , Mustafa (1987) , Barlow and Moench (2000) . Exhaustive reference on earlier works can be obtained from the monographs of Polubarinova-Kochina (1962) and Huisman (1978) . Recently Boufadel and Peridier (2002) have presented the analytical expressions for hydraulic head and volumetric exchange of water between an aquifer and a constantly rising stream under no recharge condition.
In this study, we present analytical solution of the groundwater flow equation to obtain pertinent expressions for transient hydraulic head, flow rate and volumetric exchange in a confined aquifer. The aquifer is in contact with constant piezometric head at one end and a stream whose water level is rising at a constant rate at the other end. The aquifer also receives a constant recharge due to surface infiltration. The closed form solution establishes the dependence of hydraulic head, flow rate and volumetric exchange on the recharge rate.
Problem formulation and analytical solution
We consider the aquifer to be confined, homogeneous, isotropic, and incompressible. As shown in Fig. 1 , the aquifer is in contact with a constant water head h 0 at one end and a stream with initial water level h L at the other end. The water level in the stream is rising at a constant rate from its initial level h L up to h 0 in time t r and remains there for indefinite time. During the time t r , the aquifer also receives percolation recharge at a constant rate N. The groundwater flow equation in the aquifer, which is a continuity equation (Forchheimer, 1901) , can be written as We prescribe the initial condition as
and the boundary conditions as
Introducing the following dimensionless variables
where
Eq. (8) can be written as
and accordingly the initial and boundary conditions become
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Invoking (12) in (17), we obtain
.
Eq. (18) is an ordinary differential equation whose solution can be defined as
nd can be und out by taking Laplace transform of Eqs. (13) to (15) 
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The inverse Laplace transform of Eq. (20) can be obtained using the calculus of residues (Sneddon, 1972; Brown and Churchill, 1996) . This leads to 2 2 2 2 3 3 3 3 1 1 
Eq. (21) provides the expression for the hydraulic head from the initial time up to time t r (equivalently γ) whereas Eq. (22) provides it for the subsequent time. Eqs. (21) and (22) becomes identical for τ = γ.
The water head expressions for a horizontal aquifer without recharge can be obtained by setting N = 0 in Eqs. (21) and (22). Accordingly, we obtain 2 2 3 3 1
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These results are in conformity with the results obtained by Boufadel and Peridier (2002) . One can also derive the expressions for the asymptotic cases of very fast and very slow rise of the water in the stream by taking γ → 0 and γ → ∞ in Eqs. (24) and (23) 
Flow rate and volume exchange
The flow rate through a unite cross sectional area in the aquifer is given by (Bear and Verrujit, 1987) 
Introducing the following dimension less flow rate Q and after using Eq. (7) in Eq. (27), we get
and
The expressions for dimensionless flow rate Q at the left and right boundary of the aquifer can be obtained by substituting X = 0 and X = 1.
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The net volume outflow at right interface can be obtained after integrating dimensionless flow rate Q at X = 1.
Utilizing Eq. (34) in (32) and (33), we obtain following expressions ( ) ( 1) (1 e ) 1
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. (37) The steady state net inflow or outflow of the volume is obtained from Eq. (37) by setting τ→∞ and this yields ( )
From the definition of m, given by Eq. (10) one can easily infer that m is negative (as H L < H 0 ). Since N is positive, Eq. (40) implies that V ∞ increases linearly with recharge rate N. Based on Eq. (38), the volumetric exchange can be either positive (outflow), zero or negative (inflow) depending upon following conditions ( )
The Eqs. (39)- (41) show important relationship for volumetric exchange between aquifer and adjoining water body.
Results and discussion
In order to illustrate the applicability of this ana- (22) and other series solutions, we find good convergence for all values of dimensionless time τ considered for this problem. The spatial and temporal variation in hydraulic head (1 -θ) in the aquifer during and after the rise of stream water for N = 2 mm hr -1 and 4 mm hr -1 is plotted in Fig. 2 , utilizing Eqs. (21) and (22). A higher recharge rate shows overall water table rise in the aquifer; although the relative rise of water table in the middle of the aquifer is more evident than that of rest of the aquifer. Figs. 3 and 4 show the flow rates at the left and right interfaces respectively that are being plotted against time τ for N = 0, 2 and 4 mm hr -1 . We observe that the flow rate (Q X=0 ) is higher at the beginning and decreases rapidly with time and becomes zero for large values of τ (Fig. 3) . For higher recharge rate, the hydraulic gradient available to the water to at X = 0 reduces and as a result the flow rate (Q X=0 ) decreases. Fig. 4 shows the flow rate at X = 1 for various recharge rate defined by Q x=1 . At the initial stage, Q X=1 is positive (outflow) and as time passes this outflow 
For τ > τ c , the flow rate becomes negative (inflow) and attains its maximum value near τ = γ. It decreases thereafter and finally becomes zero for large value of the time. Increase in recharge rate provides higher hydraulic gradient at X = 1, resulting increase in the outflow and reduction in inflow while compared with the cases for N = 0 and 2 [mm hr
-1 ]. The volumetric exchange (V) is plotted against the time τ using Eqs. (35) to (37) for different values of N and t r (Fig. 5) . Using elementary calculus, one can show that for γ ≥ 1, V attains its maximum value at the same instant of time τ = τ c when Q X=1 becomes zero. The corresponding value of V can be simplified from Eq. (36) ( 1) (1 e ) 1 (1 e ) 2 2
The sensitivity of recharge and corresponding volume inflow and outflow are shown in Fig. 6 . We notice that V γ∞ decreases as γ increases. In the absence of recharge (N = 0), there is always an inflow (V γ∞ < 0). However, in the presence of recharge, one can obtain an outflow in this period by choosing an appropriate recharge rate and γ.
Conclusion
In this study we have obtained analytical expressions to analyze and volumetric exchange in a confined aquifer that is in contact with a constant piezometric head at one end and a constantly rising stream at the other end. The mathematical expressions presented here have the ability to quantify hydraulic head; flow rate and volume exchange and can deal with the asymptotic cases. Sensitivity of the solutions with respect to the change in the recharge rate is analyzed. It has been shown that the conditions for net volumetric exchange to be positive, zero or negative, depend on surface infiltration and stream water rise rate. 
